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A leading exponential dependence of the mass gap with size has been numerically tested in the whole
axial-anisotropy region for the spin- —XXZ antiferromagnetic chain. Exact results for finite chains are
obtained via a modified Lanczos method due to Paige, allowing calculations up to X =28 spins. Our re-
sults show that the ground state is doubly degenerate and displays long-range order throughout the
whole anisotropic regime.
The existence of an antiferromagnetic insulating phase
in most copper oxides which become high-T, supercon-
ductors has initiated a race for the understanding of anti-
ferromagnetism in low-dimensional systems. Part of this
interest is related to the idea that the mechanism for su-
perconductivity is of magnetic origin. Even ignoring
this fact, low-dimensional magnetism is a fascinating sub-
ject for its own sake, and a great deal of attention has
been devoted to it since the advent of quantum mechan-
ics. Bethe's exact solution for the Heisenberg chain
remains one of the most remarkable achievements of
modern mathematical physics, and has inspired a whole
branch of integrable theories based on the so-called Bethe
ansatz.
Concerning finite chains, exact solutions using the
Bethe ansatz lead to coupled transcendental equations
which are extremely dificult to handle in an analytical
way. Some asymptotic estimations of finite-size correc-
tions can be made for finite, but large sizes, using the
saddle-point method. Other approaches include simula-
tions such as quantum Monte Carlo, and calculations
based on the Lanczos method.
This contribution presents very precise numerical com-
putations for the mass gap of the axial-anisotropy XXZ
Heisenberg antiferromagnetic chain for spin s =—,'. Our
computation was based on a variation of the Lanczos
method elaborated by Paige, %=28 being the largest
size for which results are available. Our results show that
the gap closes exponentially with size, but power-law
corrections become increasingly important as long as we
go in the direction of the isotropic regime. At the
Heisenberg point (isotropic case), finite-size effects be-
come logarithmic as predicted by Bethe ansatz calcula-
tions and conformal invariance arguments thus extra-
polations based on finite-size scaling are diScult to make.
However, even in this latter case, combined theoretical
approaches and subtle handling of numerical data may
lead to correct insights for the thermodynamic limit
(X~ Dv ), based on finite system studies
Low-lying levels of the Hamiltonian
H= I+IS,(m)S, (m +1)
+a[S„(m)S (m +1)+S (m)S (m +1)]I,
(1)
TABLE I. Energies per spin for the ground state E' ' and the
first excited level E'" as functions of the chain size X, for two
values of the anisotropy a. Data accurate up to 14 significant
figures, and for various values of a in the range 0 a ~ 1, are














































with periodic boundary conditions, were computed as
function of size for even values of X, in the region
0& a & 1. In (1), the exchange constant J is positive, and
S„(m), S~(m), and S,(m) are the spin operators for s = —,'
at site m.
Theory predicts that in the anisotropic region
(0 & a & 1), the ground state of the infinite system is dou
bly degenerate, ' ' and the system displays long-range
order at zero temperature. ' Moreover, the ground dou-
blet is separated by a finite gap from a continuum of exci-
tations, and has dominant components of the Neel type
in the small-a regime. Quantum fiuctuations reduce the
magnetic moment as a function of the anisotropy param-
eter a, ' and as long as we proceed in the direction of the
isotropic point, contributions from configurations other
than Neel states become increasingly important for deter-
mining the ground-state structure. ' At the Heisenberg
point (a=1), and in the XY phase, the ground state be-
comes a singlet, ' ' the gap of excitations closes, and
this phase presents no long-range order. ' This picture,
which emerged as a combined effort of analytical and nu-
merical results, has been challenged by Betsuyaku, ' who
proposed the existence of an additional phase with a sing-
let ground state and long-range order midway between
the Ising limit and the XY phase. Nevertheless, his
method of analyzing numerical data has been subjected to
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and we generate numerical sequences which, respectively,





G~= AN ~exp( o—N),
where coefficient cr is a dependent, o =cr(a). As usual in












o.(N, a) = —,'[P(N, a)X(N) —Y(N)) .
The size-dependent o(N, a) is obtained from three suc-
cessive pieces of numerical data, and the corresponding
sequence is extrapolated using the VBS algorithm. Re-
sults are shown in Fig. 3, where computational data are
compared with analytic predictions. A comment is in
order here concerning numerical calculations. For very
small o. and strong exponential dependence, an extremely
precise computation is required to distinguish both levels
for large sizes (N —20). Surprisingly, as it may appear,
the exponential behavior can be observed for sizes as
small as N =8. On the other hand, for a- 1 from below
and small o, large sizes are needed to resolve the ex-
I.2
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FIG. 4. Size-dependent quantity o.(X,a) plotted for particu-
lar sizes as a function of the anisotropy parameter a. The con-
tinuous line displays theoretical predictions (Ref. 5). A cross-
over in the direction of size effects occurs around the value
a =0.7.
ponential behavior from power-law dependences. In any
case, our extrapolated values are in excellent agreement
with analytic predictions, indicating that the gap closes
exponentially in the whole anisotropic region. We there-






























FICx. 3. Coefficient o. for the exponential dependence of the
mass gap as a function of a. Solid circles refer to our extrapola-
tions and the continuous line to theoretical predictions (Ref. 5).
For small a and large sizes, the gap becomes of the same order
as numerical errors. Extrapolations for a=0.05 and 0.10 have









FIG. 5. Size-dependent quantity P(N, a) for particular sizes
as a function of a. The points a=0.05 and 0.10 have not been
calculated for %=28, as explained in the caption of Fig. 3.
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An interesting fact obtained for our calculation is the
existence of a crossover for finite-size corrections of o. as
a function of e. This is illustrated in Fig. 4, where the
analytic o (a) for asymptotically large N is plotted along
with computational results for particular sizes. Extrapo-
lations of data are difficult in the crossover region,
around the value a=0.7. For a) 0.7, approach to the
asymptotic limit is obtained from above of theoretical
predictions, and the reverse happens for a(0.7. This
crossover of size effects is related to a crossover in
power-law corrections as a function of o..
Concerning the /3 exponent, theory predicts dominant
power-law corrections from exponential behavior with
exponents —,' and —,', but with coefficients which are a
dependent. Near the Ising limit, the weight for the —',
power is small, leading to a net exponent —,'. On the other
hand, as long as a increases in the direction of the isotro-
pic case, the above weight grows and becomes dominant
near a-1, leading to combined power-law corrections
depending on the size of the sample. In our calculation,
an effective exponent /3 is obtained as a function of a, and
is shown in Fig. 5 for different sizes. A size-dependent
crossover from an effective P- —,' (Ising limit), to /3-1
(near the isotropic point), is obtained around a=0.7.
Our finite-size estimations for P are within the limits pre-
dicted by theory, but the strong size dependence makes
the validity of extrapolations uncertain.
In summary, the scaling law for the mass gap in the an-
isotropic regime has been numerically tested. We found a
leading exponential dependence with size, in agreement
with asymptotic analytic predictions. In the direction of
the Heisenberg point, the characteristic length for ex-
ponential behavior gets longer, and power-law correc-
tions appear as dominant for small-size samples. This
crossover effect, especially if the calculation is limited to
smaller sizes, may induce misleading extrapolations. '
Our computation shows that the ground state for the
infinite chain is a doublet in the whole anisotropic region,
and the system displays long-range order, with a = 1 be-
ing the critical point. The scaling predicted by de Vega
and Woynarovich for asymptotically large sizes can be
observed even in sma11 chains, especially in the strongly
anisotropic region.
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